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Effects of Transverse Shearing on Cylindrical Bending,
Vibration, and Buckling of Laminated Plates

Manuel Stein* and Dawn C. Jegleyt
NASA Langley Research Center, Hampton, Virginia

The displacements for cylindrical bending and stretching of laminated and thick plates are expressed through
the thickness by a few algebraic terms and a complete set of trigonometric terms. Only a few terms of this series
are needed to get sufficiently accurate results for laminated and thick plates. Equations of equilibrium based on
a sufficient number of terms of this series for displacements are determined using variational theorems from
three-dimensional elasticity. Several examples are worked out. The displacements and stresses are obtained for
simply supported isotropic and layered plate strips (beams with a rectangular cross section) and sinusoidal lateral
load distribution. These results are compared to an exact elasticity solution. Results for several approximations
are obtained for a simply supported and a clamped beam loaded at the center, and results are compared to ex-
perimental results. Results are also obtained for isotropic and layered beams for several approximations for the
lowest natural frequency and buckling load.

Nomenclature
d = applied displacement
E,EZ - Young's modulus of elasticity in the length and

thickness directions, respectively
Gxz = transverse shear modulus
h =beam thickness
L = beam length
P = applied load
P0 = magnitude of applied sinusoidal load
Uf w = beam displacements
x,y,z = coordinate directions
ex>ez = direct strains
yxz = transverse shear strain
ax,<rz = direct stresses
ax — stress at buckling
T™ = transverse shear stress
co = frequency of vibration

Introduction

CLASSICAL plate cylindrical bending theory predicts
deformations and longitudinal stresses that are com-

parable to the actual deformations and longitudinal stresses
given by three-dimensional elasticity for thin beams and plates
of homogenous materials. Conventional transverse shearing
theory makes similar predictions for sandwich construction
and for thicker beams and plates of homogenous materials.
An average value of the transverse shear stress can be found
from the deformations using the strain-displacement relation
and conventional transverse shearing theory. However,
reasonably accurate distributions of transverse shear stress

Presented as Paper 85-0774 at the AIAA/ASME/ASCE/AHS
26th Structures, Structural Dynamics and Materials Conference,
Orlando, FL, April 15-17, 1985; received May 23, 1985; revision
received April 17, 1986. Copyright © 1986 American Institute of
Aeronautics and Astronautics, Inc. No copyright is asserted in the
United States under Title 17, U.S. Code. The U.S. Government has
a royalty-free license to exercise all rights under the copyright
claimed herein for Governmental purposes. All other rights are
reserved by the copyright owner.

*Senior Aerospace Engineer, Structural Mechanics Branch, Struc-
tures and Dynamics Division. Associate Fellow AIAA.

tAerospace Engineer, Structural Mechanics Branch, Structures
and Dynamics Division. Member AIAA.

and transverse normal stress can only be found for isotropic
beams or plates from a special solution that uses beam results
and elasticity theory. Simple, dependable approaches are
needed for obtaining transverse stresses for structures made of
a nonhomogeneous material such as laminated composites.
Determining accurately the transverse shear stress and
transverse normal stress, in addition to the displacements and
longitudinal stress, can be important for beams or plates, even
though the transverse stresses are small compared to the
longitudinal stress. These transverse stresses are important
when the structures are relatively weak in the transverse direc-
tion and when the response behavior is sensitive to the
transverse stiffness. It is well known that the higher modes of
vibration are sensitive to transverse effects associated with
three-dimensional elasticity and, from sandwich theory, it is
known that buckling is sensitive to transverse shearing
stiffness.

The need for more accurate analyses for laminated beams
and plates has led to a number of new theories that have ap-
peared in the literature (e.g., Refs. 1-9). The theories that
have appeared are all linear, use displacements expressed by
the first few terms of a power series in the coordinate
through the thickness, and may satisfy natural boundary
conditions at the plate surface or may use transverse shear
stiffness correction factors. Almost any theory may be
altered to include nonlinear effects, and any additional terms
used to express the displacements will improve the accuracy
if an acceptable method of analysis is used. To get a trac-
table solution with nonlinear terms and to keep the un-
knowns to a minimum requires that careful choices be made.
Also, estimates from three-dimensional elasticity of the
transverse stresses when in-plane stresses and deformations
have been given by elementary theory do not give the effect
of the transverse stiffnesses on the in-plane stresses and
deformations and do not give the transverse deformations.
With regard to satisfaction of natural boundary conditions,
if the potential energy method is used, continuity of
displacements is satisfied, but it is not necessary to satisfy
natural boundary conditions. If natural boundary conditions
are satisfied by constraints on an approximate potential
energy solution, it is inefficient because the full use of the
assumed approximation is unnecessarily restricted by these
constraints. If the complementary energy method is used, it
is not necessary to satisfy continuity, but equilibrium of ex-
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ternal force conditions, including natural boundary condi-
tions, must be satisfied. Similarly, satisfying continuity in an
approximate complementary energy solution is inefficient. It
is on a physical basis, together with some results of trial cal-
culations, that the present theory chooses to use trigono-
metric terms instead of additional terms in a power series in
z to represent the through-the-thickness (z) behavior of
plates beyond that given by conventional transverse shear
theory. The present approach is a formal approach starting
from three-dimensional nonlinear elasticity and is different
from other methods available in the literature.

The present approach differs from other methods in that
the displacements have trigonometric terms in addition to the
first few terms of the power series for the displacements. The
present approach makes use of both the potential and com-
plementary energy methods; the surface conditions are
satisfied by the complementary energy method, but surface
conditions are not satisfied in the potential energy method
since these constraints are not required for this method. No
attempt is made to improve the accuracy of some terms by
using an arbitrary shear correction factor. This approach
was also used in Ref. 10 to develop a theory of two-
dimensional plates and shells. In Ref. 10 and in the present
paper, a trigonometric series is used to represent the un-
knowns in terms of the through-the-thickness coordinate.
Potential energy and complementary energy methods are
used so that few terms in the series can be used to get ac-
curate displacements or stresses. Assumptions are used to
simplify the nonlinear strains of three-dimensional elasticity,
to choose the number of terms in the series, and to pick the
appropriate stress-strain law. The series are specified so that
the first term in the series will lead to conventional
transverse shearing theory and, for small beam or plate
thickness, conventional transverse shearing theory reduces to
classical theory. Generally, one trigonometric term is re-
tained for each displacement to assure sufficient accuracy.
Results obtained from classical theory, from conventional
transverse shearing theory, and from the present approach
are compared with each other and with results from an
elasticity solution or with results from experiment. Com-
parisons of results of various approaches are also presented
for the lowest natural frequency and buckling load for both
isotropic and layered materials.

Analysis
A theory accurate enough to determine transverse shear

and normal stresses is developed from cylindrical bending of
a plate. Geometrically nonlinear effects are included in the
strains. Displacements are written in a general algebraic and
trigonometric series in the through-the-thickness (z) direc-
tion. Strains and displacements are specialized to the approx-
imation desired for the problems considered and equations,
and then results are determined from either the potential
energy method or the complementary energy method. Figure
1 indicates the coordinate system used, the axial and lateral
displacements u and w, and length and thickness dimensions
L and h.

For the present analysis, stresses and deformations are
considered to be independent of y and the stress oy = Q. The
strains (e.g., Ref. 11) based on the change in length of
material lines in the coordinate directions and on the change
in angle between them are

Txz=sm-
+ w

Retaining terms to second degree in u and w and their
derivations gives the approximate strains

ex = u

(2)

In general the displacement u can be represented by

u2a(x)

uns(x) sir mrz\cos——j (3)

and a similar series could represent the displacement w. The
trigonometric terms included in the summation are a com-
plete set, and they can represent any function in the interval
( — h/2<z<h/2). The three algebraic terms are added ar-
bitrarily to the series so that boundary conditions in the z
direction can be better represented when only a few
trigonometric terms are used in an approximate analysis.

Potential Energy (Virtual Work)
The virtual work for a plate (beam of rectangular cross

section) of unit width is

L p

A 1
0 J

h/2

n— n/2

— pa)2 ( wd w + udu ) ] dzdx

(4)

where the first three terms represent the work of internal
forces, the /xo;2 terms represent the work of the inertia
forces, and the other terms represent the work of the surface
pressures. The terms considered for the displacements are
now limited to

u = «0 (x) + ua (x) —— + ul5 (x) sin —n n

TTZ= w0 (x) + wlc (x) cos — (5)

In application of the equations developed here, u0 appears
only in the buckling terms. For reduction to classical
(Kirchhoff) theory, identified as rxz = 0 or conventional
transverse shearing (Timoshenko) theory, identified as
TXZ = TXZ(X), the uls and wlc terms are neglected. The most
accurate potential energy solution presented here, identified
as TXZ = TXZ(X,Z), includes the first trigonometric terms as
shown in Eq. (5). All terms used in the u displacement series
except UQ are antisymmetric in z, while all terms used in the

Fig. 1 Dimensions and coordinate
system of beam.
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w displacement series are symmetric. One way of obtaining
equations equivalent to classical theory from conventional
transverse shearing theory is by requiring that ua=—w0iX.
Substituting Eq. (5) for the displacements in Eqs. (2) and re-
taining only the largest nonlinear term results in the strains

TT irz— w l c sm —

cos
irz

When the variations of the various displacement coefficients
are taken, integration by parts leads to the following dif-
ferential equations

i h/2

-h/2

TTZ Z

-KZcos ~
f . n T/2 r ff- sm -h+-fr

( Z • ^Z\ • *Z~\ ,(ua —r- + u\s sm~T"J sin— dz = 0

{ h/2
[ — (cTyVVn x) r~Ty7 Y — LLU2\

-h/2 ' ' '

(h/2 ( IT . irz irz
\ \ ~°z ~~T~ Sm ~T~ ~ Txz x cos ——J- /z/2 \ z h h xz'x h

— uco2w lc cos — ) d z = 0
h / (6)

and the following variationally consistent boundary con-
ditons at x = 0, L

-h/2 axdzdu0 = (
J

i h/2 F? f* h/2 /TT-TX. I TTZ

-h/2 X h ° J -h/2 XZ h

! ar sin — <5wK =
-h/2 h

=0

With Hooke's law taken in the simple form

= Gxz7x.

(7)

(8)

where the stiffnesses E, Ez, and Gxz may be functions of z, it
is apparent that the stresses will involve the same displace-
ment coefficient functions of x as the strains. Equations
equivalent to classical theory can be obtained from conven-
tional transverse shearing theory equations, as mentioned
before, by requiring that ua = — w0^ before using the varia-
tional method so that yxz is zero or by allowing the
thickness-to-length ratio to approach zero or by requiring
that Gxz approach infinity.

Complementary Energy (Virtual Complementary Energy)
The virtual complementary energy for a plate (beam of

rectangular cross section) of unit width is

i L rh/2
{ex5ax + ezdaz+yxz

0 J — h/2

!
h/2

— h/2
(9)

where the first three terms represent the work of the internal
forces. The next group of terms requires that equilibrium is
satisfied through the use of the Lagrangian multipliers a. and
(3. The last term represents the work of a centrally applied w
displacement. The only terms considered for the displace-
ments are

Z irZu = ua (x) —— + uls (x) sin —

/ J z \2 , I ™w = w0 (x) + w2a (x) [ ——) + wlc (x) cos —
\ h / h

(10)

The w2o term is included here to provide additional accuracy
in oz. By substituting Eqs. (10) for the displacements in Eqs.
(2) and retaining only results from linear terms

.
ls>x sin —

2 z TT . irz^~^~h-^^r™-h
i /

:OS—— (11)

Again, with Hooke's law taken in the simple form (8),

ax = Eex az = Ezez TXZ = Gxzyxz

where E, Ez, and Gxz may be functions of z, the stresses are
of the form

where the stress coefficients oxa, axl,... are functions of z
only. The multipliers a and /3 can be represented in a form
similar to u and w as

sin

- (13)

Variation with respect to the unknown coefficients (which
are functions of x) gives the following differential equations
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in x:

S h/2 / ~
(-a t:xx + ——

-A/2 \ ' ' h
xzih l

S /z/2

-ft/2

i/i/2

- A/2

S h/2

-h/2

TTZsin — dz=o

ri h/2

„„/7/2

s: (14)
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Fig. 2 Comparison of center deflection wmax obtained by potential
(PEM) and complementary (CEM) energy methods with the exact
solution from elasticity.
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80 100

(b) Graphite-epoxy [0/90/0], beam
h/L = 0.1 '

Fig. 3 Comparison of axial stress obtained by the potential (PEM)
and complementary (CEM) energy methods with exact results ob-
tained from elasticity.

and the following variationally consistent boundary
conditions:

at x = Q, L/2;

i h/2

fc/(,— h/

h/2

-h/2

h/2

-h/2

at * = 0;

!
h/2

-hn ̂

!
h/2

-h/2 XZ2a

at x = 0, L/2;

i h/2

-h/2 X<

ih/2

-h/2 X

2a = 0

h/2

h/2

-h/2
(15)

Equations (14) and boundary conditions [Eqs. (15)] are
solved numerically to obtain results from the complementary
energy method, which are discussed in the following section.

Applications
The equations that have been derived are applied to five

examples of loading and boundary conditions: a sinusoidal
lateral loading on a simply supported beam, a central
displacement applied to a -clamped and to a simply supported
beam, a simply supported beam vibrating at its lowest
natural frequency, and the critical buckling load of a simply
supported beam. The potential energy method is applied to
all examples considered. The complementary energy method
is applied to only the first three examples. Each loading is
applied to an isotropic (aluminum) one-layer beam and a
laminated three-layer graphite-epoxy beam of [0°/90°/0°]r
layup in which all layers have the same thickness.

The material properties for the laminated beam involve a
ratio of 25:1 for the stiffnesses of the ,0° ply to the 90° ply
and, a ratio of 2.5:1 for the through-the-thickness shear
modulus of a 0° ply to the 90° ply. A constant through-the-
thickness stiffness is used. This stiffness (Ez) is equal to the
extensional stiffness of the epoxy alone. Solutions are ob-
tained using a classical approach in which the transverse
shear stress is taken to be zero, an approach in which the
transverse shear stress is taken to be dependent on the length
coordinate only (constant through the thickness), and by tak-
ing the transverse shear stress to be dependent on both the
length and depth coordinates.
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Beam with Sinusoidal Lateral Load
The first example considered is a sinusoidal lateral pres-

sure loading on a simply supported beam. Approximate
results are obtained using both the potential and complemen-
tary energy methods, and an exact solution is obtained by
solving the three-dimensional differential equations of
elasticity. Results are presented for the maximum displace-
ment of the beam in the z direction as a function of its
thickness-to-length ratio h/L in Fig. 2. The classical ap-
proach in which the shear stress is taken to be zero (rxz = 0
on the figure) gives the wmax parameter a constant value for
an isotropic beam ir4wmaxh3E/( 12P0L4) = 1. For the
laminated beam the stiffness changes through the thickness,
and this parameter is constant but not equal to one. To
calculate this parameter, E is the stiffness in the x direction
in the middle (90°) layer. Allowing the shear stress to depend
only on the length coordinate [TXZ = TXZ(X) on the figure]
improves the accuracy of the solution. Notice that the max-
imum deflection increases more for the laminated beam than
for the aluminum beam as h/L increases. More of an im-
provement in accuracy is made when the shear stress is taken
to vary in both the x and z directions [rxz = rxz(xtz) on the
figure], as shown by the solutions based on the present
theory using the potential and complementary energy
methods.

The normal and transverse stresses thrugh the depth for
the aluminum beam, which has an h/L of 0.3, and for the
graphite-epoxy beam, which has an h/L of 0.1, are shown in
Figs. 3-5. Both potential and complementary energy
methods give accurate results for all three stresses in the
aluminum beam. In Fig. 3b the axial stress is discontinuous
at the layer interfaces due to a change in stiffness which is
shown by the elasticity solution. The potential energy
method gives a discontinuity and gives better results for the
axial stresses than the complementary energy method. In Fig.
4b the transverse normal stress is not discontinuous through
the depth when calculated by potential energy because the
stiffness in the z direction does not change. Agreement be-
tween the various methods is similar to that obtained for the
aluminum beam. In Fig. 5b the transverse shear stress is con-
tinuous at the layer interfaces given by elasticity and the
complementary energy method. However, the potential
energy method is not required to satisfy equilibrium through
the depth (using various approximations), and the potential
energy method results are not continuous. This discontinuity
can be eliminated by using many more terms in the assumed
displacement series. The complementary energy method gives
accurate transverse normal and transverse shear stresses (no
discontinuities) but is not as good as the potential energy
method in predicting the axial stress in the laminated beam.

Beam with Applied Central Displacement
Clamped Beam

The second example considered is a clamped beam with an
applied central displacement. Results are presented for the
three-layer [0°/90°/0°] r graphite-epoxy beam with a
thickness-to-length ratio of 0.1. The distribution of the nor-
mal stresses, axial and transverse normal, and the transverse
shear stress through the thickness of the beam are shown in
Figs. 6 and 7, respectively. Here, both the potential and
complementary energy methods give accurate results for the
axial stress and differ markedly in the outer layers from the
solution in which the shear stress is taken to be constant
through the thickness. The complementary energy method is
better at predicting the transverse normal stress since it ac-
curately gives zero normal stress at the surface, while poten-
tial energy gives a maximum value at the surface. The
transverse shear stress distribution shows the same discon-
tinuity at the layer interfaces that occurs in the sinusoidal
leading case for the potential energy method. This problem is
resolved by using the complementary energy method.

Simply Supported Beams; Comparison with Experiment
An experiment described in Ref. 12 provides data on the

distribution of the transverse shear strain of a simply sup-
ported laminated beam with an applied displacement or con-
centrated load. The material properties of the test specimen
must be known to make a comparison between the ex-
perimental results and the prediction of the present analysis.
The specimen used in this experiment was made of unidirec-
tional T300/5208 graphite-epoxy material. The stiffnesses of
this material are £=19.0xl06 psi in the x direction and
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Fig. 5 Comparison of central transverse shear stress obtained by
potential (PEM) and complementary (CEM) energy methods with
exact results obtained from elasticity.
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Fig. 4 Comparison of central transverse normal stress given by the
potential (PEM) and complementary (CEM) energy methods with
exact results obtained from elasticity.
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Fig. 6 Comparison of the direct stresses using the potential (PEM)
and complementary (CEM) energy methods of a clamped graphite-
epoxy [0°/900/0°]r beam (/z/L = 0.1, d/L = 0.01).
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Ez = l.89x 106 psi in the z direction. The thickness of the
specimen used was h = 0.283 in. Since the specimen is
unidirectional, all layers have the same through-the-thickness
shear modulus, so the potential energy method predicts a
transverse shear stress with no discontinuities. The value of
the through-the-thickness shear modulus is not well
established for laminated beams and the through-the
thickness shear modulus used determines how well the
analytical methods agree with the experimental results. The
value for the shear modulus used was determined by a
parametric study of a simply supported beam with an ap-
plied deflection at midlength (third example) using values of
through-the-thickness shear modulus ranging from 0.2 xlO6

psi to 0.9 X 106 psi. The maximum shear strain as a function
of the shear modulus is shown in Fig. 8. The experimental
maximum shear strain agrees with the predicted maximum
shear strain when the through-the-thickness shear modulus is
about 0.5 x 106 psi. A comparison of the shear strain from
experiment and from analytical methods when a shear
modulus of 0.5 x 106 psi is used is shown in Fig. 9. The cor-
relation between experiment and the present analysis may
prove to be a useful way of finding the through-the-thickness
shear modulus.

Natural Vibration of a Beam
The fourth example considered is a simply supported beam

vibrating at its lowest natural frequency. The lowest natural
frequency for aluminum and three-layer graphite-epoxy
beams are shown as a function of the thickness-to-length
ratio in Fig. 10. Results are shown for solutions in which the
shear stress rxz is equal to zero, in which it is taken to be
dependent on the length coordinate only, rxz = TXZ(X), and in
which it is dependent on both the length and depth coor-
dinates, TXZ = TXZ(X,Z), using the potential energy method.
For very thin beams, all three approximations give the same
result for the lowest natural frequency but, for the thicker
beam, the approximate methods are less accurate since more
transverse shearing is taking place. For an aluminum beam

with a thickness-to-length ratio of 0.3, allowing the shear
stress to be dependent on the length coordinate improves the
solution by only 12% over the solution in which the shear
stress is taken to be zero. The solution in which the shear
stress is a function of the length and depth coordinates im-
proves the predicted frequency by 13% over the rxz =0 solu-
tion. However, for the graphite-epoxy beam with a
thickness-to-length ratio of 0.1, allowing the shear stress to
depend on the length coordinate improves the'solution by
24%, while allowing it to depend on the length and depth
coordinates improves the solution by 32%. The nodes in the
natural modes for higher natural frequencies in effect divide
the beam up into shorter thicker beams so that, for accurate
higher frequencies, thick beam theory is required and is more
important than for lower frequencies.

Buckling of a Beam
The last loading condition considered is a simply sup-

ported beam with an applied compressive load. The critical
stress for the aluminum and graphite-epoxy beams is shown
in Fig. 11 as a function of the thickness-to-length ratio.
Results are based on using the potential energy method. For
the aluminum case, where little transverse shearing occurs,
all approximations give similar results up to a thickness-to-
length ratio of 0.15. For the laminated beam the different
approximations give similar results up to a thickness-to-
length ratio of 0.05. For example, in an aluminum beam
with thickness-to-length ratio of 0.1, the difference between
the buckling-load results for the approximations in which the
shear stress is zero and nonzero is only 3%. However, in the
graphite-epoxy beam with the same h/L value, allowing the
shear stress to vary along the length improves the results for
the buckling load by 58% over the results for the approxima-
tion in which the shear stress is taken to be zero, and allow-
ing the shear stress to vary in both directions improves the
buckling load by 73% over the rxz = 0 solution.
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Bottom —^=-3
0 5 10

Transverse shear stress T^,psi,x 103

Fig. 7 Comparisons of the transverse shear stress using the potential
(PEM) and complementary energy methods for a clamped graphite-
epoxy beam [0°/90°/0°] T (/z/L = 0.1, <//L=0.01).
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Fig. 9 Comparison of transverse shearing strain obtained by
theory and experiment at jc = 0.25 in. in a unidirectional T300/5208
graphite-epoxy beam.

.04

.02

Fig. 8 Determination of a value of Gxz that correlates with experi-
ment in a unidirectional T300/5208 graphite-epoxy beam.

(a) Aluminum beam (b) Graphite-epoxy [0/90/0]T beam

Fig. 10 Comparison of lowest natural frequency obtained by
several approximations using the potential energy method.
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(a) Aluminum beam

I .1 .2 .3
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(b) Graphite-epoxy [0/90/0]T beam

Fig. 11 Comparison of average stress at buckling obtained by
several approximations using the potential energy method.

Concluding Remarks
A new theory for the analysis of beams of rectangular

cross section is developed which incorporates trigonometric
series in the assumed displacements and stresses. The present
theory uses both the potential and complementary energy
methods to find displacements and stresses. By including the
first trigonometric term in each series, the accuracy of the
stresses for a laminated composite beam or for a thick
isotropic beam is significantly improved. For isotropic or
unidirectional composite beams, the present theory accu-
rately predicts displacements and stresses when either the
potential or complementary energy method is used. For
other laminated beams the present theory accurately predicts
the displacements and axial stress by using the potential
energy method and predicts the transverse normal and
transverse shear stresses accurately by using the complemen-
tary energy method.

Often it is difficult to determine some of the transverse
material properties in a structural component. With accurate
theory and good experimental results, some relatively simple
problems permit determination of these material properties.
The through-the-thickness shear modulus is not easily found
for laminated beams; application of the present theory il-
lustrates a way of determining this material property.

Both the buckling load and the natural frequencies of a
beam are significantly affected by transverse-shearing defor-
mations especially in graphite-epoxy beams. The present
theory indicates that by including trigonometric terms in the
solutions, more accurate buckling loads and natural frequen-
cies can be found.
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